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This study intends to investigate a new control structure using a model reference 
radial basis function neural network controller with feedback error learning to control of a 
class of nonlinear systems subject to unknown bounded uncertainty. The proposed controller 
is hybrid form and includes the classic controller and rough
network controller. Due to use of the classic controller with the neural network controller, it 
is expected that the transient response is bounded. The weights of the output layer of the 
neural network controller are interval varia
and also according to the output of the classic controller and based on stability, the stable 
adaptation laws for these weights are derived. The simulation results which are applied to 
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This study intends to investigate a new control structure using a model reference 
radial basis function neural network controller with feedback error learning to control of a 
class of nonlinear systems subject to unknown bounded uncertainty. The proposed controller 
is hybrid form and includes the classic controller and rough- radi
network controller. Due to use of the classic controller with the neural network controller, it 
is expected that the transient response is bounded. The weights of the output layer of the 
neural network controller are interval variables. Using an appropriate Lyapunov function 
and also according to the output of the classic controller and based on stability, the stable 
adaptation laws for these weights are derived. The simulation results which are applied to 
Duffing Oscillator and Genesio- Tesi systems verify the efficacy of the presented control 
approach. In addition, the suggested manner is compared with the simple model reference 
radial basis function neural network controller which demonstrates the superiority and 
robustness of the proposed method in presence of uncertainty. Also, using the proposed 
controller, synchronization of the mentioned chaotic systems is performed. The results 
verified the high accuracy and effectiveness of the proposed controller.
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 �D+

���D 

��� K�
 
�� F���, �35� k�+�� �1 
 !��� ��32� E�	�� ���� !�
 �� . �� ����� �+�?�� �" 0
+ K��� �1 
<�� ���" �J��+
E� �1 v�C �+ �� �1 0
+ E�	�� c !�
 ���l/I ≠ 0 
	 �+�?�����D.  

  ��+l*��5 ��)11 (  ��)5 (0�+� c��+3� +� ��� �3C!/ F�	���� �NC�	 �H��(	:  

 3XY��� + W
3XY���
� + ⋯ + W�3XY = 0  (12) 

 �+���V 
	 @��(" ��3< �1 �3�)12 (���� > ����  . �1 
��J�O K+3XY  ��3� > ���� w�� ����� 
	 ��� Y �	 � ��� K+ 
(��"
)12( �1 ��1 
	 L)�A +� �J� � @�+ �3XY → 0   . Y=6" �3\�	 �� @�+�����3XY → 0  � 
2
��" ��� ���� �G��+ �� �53" �� �

��� � ,�D �\� �� 0��i B�3) �� 
= �	+3 �	 ���+��1 ���+3� L�	 �4) 0�
 �� ��� B+���u" � ��� �1 0,�D �J� � � . ��
0�+� c��+3� �*�� B��2::� → �� .
	 
�+3CH� ��: �� 
= �	 � 
2
��" ��� ���� �J� � �� w�� �� ���3� v�C �+ ���+3"

�� ��� ���1 L�	 � (��
 �^ �� �� ���O v�C �+ � 2H+ � ���� �+�?�� > ���� ���+� �G��+ ��i�" �4) 0�
0
+ �+lD.  

  ���1 c1 � �,�M+ ��I3∗  ��)6 ( ���1 @�>*��5 �)11(0�+� c��+3� �:  

!��� = G�H� + I3 + I3∗ − I3∗  

 = G�H� + I3 − G�H� + ����� + V	3\XY + 3XY��� −  ��� − I3∗  

 =  ����� + V	3\XY + 3XY��� −  ��� + I�3 − 3∗�    (13) 

 K+ ���4 
+ ��)6 ( �)13( � ���+�)14 (
	 0
� ����O:  

 3XY��� = −V	3\XY + I[3∗ − 3`�!|b�]  (14) 

 �O �� �13`�!|b� 
	 �������/ 
2N: �G2� ����1 E� �1 K+ ���4 
+ �� c !�
 �� 
H��:+ 
H� �1 ����� @��C"���� . 
	�*��
 �13`�!|b�  ��3� EO ���+ �+�=	 ��3∗
	 L�	 � @���" 
A+�<  ��+���/ ���1
	�3� . ��K B�3) �� +� L?+�A f��=" ����


	 Z��("c��1:  
 ℎ = �3`�!|b∗� − 3∗�  (15) 
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	+��� ��A�� ��3e�	 ��6	 � fH ���" ��6	  

 

E� �1 ���� 	+��/ f��=" ���� �1 
��	K
	 L�	 �4) �� ����1 ��1)��D���	 0H�A ��( ��+3� L�	 �4) �� L?+�A f��=" ���� �
��1 .�:+ 
H� �1 ����� @�� X8 �+ �*���� L?+�A f��=" ���� }?+� �� ���� 	+��/ �1 
 H�A �� E� �1 06" c !�
 �� 
H�

E� �1���+ 0H�A �� ����1 �� Y���	 EO ���+ 0H�A �� ��� Z��(" 
H� �1 ����� � ���+� �+�? �3� EO)11(���� 
	 � . @��I��

	 Z��(" +� ��K � !2�� 7�, �� `��"�	c��1:  

 ∧=
eff
fg 0 1 0 ⋯    00 0 1 ⋯    0⋮0−W�

⋮0−W��

0⋮…

⋱0…
⋮1−W
jkk

kl  (16) 

 K+ ���4 
+ ��)14(E� �1 
5��� F�	���� �
	 0
� �� ��K B�3) �� F�
81 ����1��O:  

 3\DXY =∧ 3\XY + m[3∗ − 3`�!|b�]  (17) 

 ��O �� �1m 
	 Z��(" ��K B�3) �� �1 ���� 
	 
H� �1 �������D:  

 m = [0,0, … , I]	  (18) 


	 Z��(" ��K B�3) �� +� X3��/��H �H��(	c��1:  

 ∧	 
 + 
 ∧= −n   (19) 

 �� �1)19( �
  �n ����� 
	 ���= 	 � @�(	 02e	 ���!��"�	 . �H��(	)19 (E� �1 ���� 	+��/ Y�2�" @��+3? ����O 0
�� 0�5 -

�� ��+3� ���4 
+ ���� � ,�D �\� �� ����1.E� �1
	 
5��� ��h � ����/ ��h �� 
���� 	+��/ �+�+� X+� 
2N: �G2�  ����1-

���� .0
+ 

3D ������� � 
� >1+�	 � ���(	 X+�6�+ �����/ ��h ���� 	+��/ . �� 0�+3�G� B�3) �� � 
� >1+�	 ��H�=	 @�+ ��

	 }�K3" ����1 E� �1 ����� ���,�3�. �}?+� ��E� �1 ����� ���, 
����� ���� `�5 K+ 
:�(� }�+3" �� 
� 2	 
2N: ����1


	����� .� ��� �+�=	 �� 
��� 
���G	+ @�8�O �����1 �0!�� ��l/ .�K�� ����O 0
�� �c���� ��1 �� �H�=	 @�+ �� �	 �1 �I�O ���
�3� Z9 C	 ����K�
 ��2� �� ��� Z9 C	 . �� � c���1 +��/ ���O �+�� @���/ � h�� �A ��� �K�� @�+ ��+� �+�? c� ���1 K+ `Q


�� �� +� h�� � @���/ �A K+ ��� L�G�" �K�� 0���� @��� +� ������ @�+ � 
� >1+�	 � ���1 }�K3" ��� � ,�D �\� �� 

3D ��� ��
c���1 +��/ Y��<. �� Y���	 ���(	 X+�6�+]35[
	 @��(" ��K ���+� B�3) ���3�:  

 o4� = [�p'q��Z?r6*s����q��Z?r6*s] �?�Ytu vX w�[[t� :pxtu �t?uv��  (20) 


	 ��+� E� �1 06" c !�
 �� �1 
H� �1 �����
	 � ,�D �\� �� ��K B�3) ������D�3�: 

3 = 3`�!|b� = 3�� + 3XY = 5y7.v\�5y 8.v\$ + WZ + W[ D = 3`
�!|b
� + 3`$�!|b$� + WZ + W[ D
   (21) 

 ��O �� �13��  �
:�(� }�+3" �� 
� 2	 X+� 
2N: �G2� ����1 E� �1 K+ 
��� 
H� �1 �����3XY E� �1 K+ 
��� 
H� �1 �����-


2
��" F�
81 ����1-  �
= �	>y? �>y:����K� �+��� f�"�" ��  �
5��� ��h @���/ �A � h�� �A�̅ E� �1 ����/ ��h 
5��� -
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2N: �G2�  ����1X3��/��H }��" z�
+�� � ��  


	+��� ��A�� ��3e�	 ��6	 � fH ���" ��6	  

 


	 
2N: �G2� ����1����� .!? @��I�� �
2N: �G2� ����1 E� �1 K+ 
��� 
H� �1 ����� E�+ 0�
$ >y?. �̅ B�3) �� +� � 3`
�!|b
�  �7�� 0�!? �
$ >y:. �̅ B�3) �� +� �3`$�!|b$�
	 Z��("c��1.E� �1 ���� 	+��/ Y�2�" @��+3? ���� E�A ����1
�
2N:b$  �b
c���O 0
� �� +� �.  

��]H : E� �1 06" c !�
 E�	)3 (3��? � 
H� �1 �)21 ( ����1 E� �1 ���� 	+��/ 
��
�K�� �� @��+3? �)23-22 ( �\� �� +�
����*� . �}5�	 ����� � �+���/ }5�	 E�	 �1 ���1 ��,z0
+ �+��+�1 � .
	 @���" ���?L	�� �� E��*�
 ��� �1 ��1>y? � >y: �WZ �W[  � �{�  @��I�� � �3� ���+3� �+��+�121<r→| 3XY�{� → 0 .  � �� ��+3� @���" 
2��J	 ��+���/ �J� � �� 21<r→|  �{� → 0 ).0
3�/ �� B�2i+(  

 >y?	D = 
$ }
3\XY	
�~
  (22) 

 >y:	D = 
$ }$3\XY	
�~$  (23) 

 �h�� Bh��(	 �� �1
� ���= 	 � @�(	 02e	 `��"�	 �3 
 @���O
 
	���� .@��I��}
 �}$  U��
	 Y�2�" ��� �1 �����

	 c�\�" +� 
�+�*�� 0:�
 � ���1~
   �~$ E� �1 ����/ ��h ����5���0
+ ���� � ,�D �\� �� X+� 
2N: �G2� ����1          .  

 LG� �� ��� 
A+�< ����1 E� �1 
139� 7+�D���2 0
+ ��� ����O.  

 ��K B�3) �� �+3 �	 +� � ,�D 7�J�+ 
A+�< 
91 �3< ����1 �)8�:  

z� 
� �� B�:8<+ : 
����� c !�
 E�	)3 (}5�	 E�	 �.  


A+�< X�� :E� �1 
A+�< 
H� �1 �3��? �� ����1)21(���D 7�J�+ 
2��J	 B�3) �� }5�	 ����� 
����� �1 ��3< �� �.  

 �� � ,�D 7�J�+ 
A+�< c ��3*H+6 
	 ���� ��K 7�D���D:  

7�D1 : �NC�	 �H��(	 ����O 0
� �� K+ ���4 
+ �� ��� �3C!/)12.(  

 7�D2 : �+��� @��("V  �1 ��3< ��)12 (���� > ����.  

 7�D3 : � !2�� `��"�	 ����O 0
� ��∧  K+ ���4 
+ ��)16 ( ���= 	 � @�(	 02e	 `��"�	 @ ,�D �\��� �n  X3��/��H �H��(	 LA �
 K+ ���4 
+ ��)19.(  

 7�D4 :f
��	 ��H�+ k�+�� @ ,�D �\��� E� �1 ���� 	+��/ �+��E� �1 ���� 	+��/ 
��
�K�� �� � ����1 K+ ���4 
+ �� ����1)23-
22(.  

 7�D5 : K+ ���4 
+ �� 
H� �1 �3��? ����O 0
� ��)21.(  

 7�D6 :Z?3".  

3- ���� ��?$  

�+3� ���� ��1 �� v3�O ���� !�
 �K�!��	>�� � E� �1 0�5 ��� 
A+�< ����1 E� �1 �0�!? @�+ ���� � . v3�O ���� !�

3�!�5 � ���,+� �*��
3�- 
	 
����� ���� !�
 �+3�: �� 
!"��2� �1 �����0
+ � ,�D 7�J�+ ���O ��� �K�
 . ���� !�
 @�+
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+�� � ��� �3C!/ [K3	O �� }5�	 E�	 
:�(� }�+3" �� 
� 2	 X+� 
2N: �G2�  ����1X3��/��H  


	+��� ��A�� ��3e�	 ��6	 � fH ���" ��6	  

 

� ,�D �+�? 
5��� ���6	 [�� �+ � >�3� ��(	 �� v3�OE� �1 ����K� �1 
��J�O K+ � ��+ ��� ������1 �� 
2N: �G2� ����1
  7�, ���K����� � ,�D �\� �� �+
	 ��\ �+ @�+ ���+���D 7�J�+ 
�3� �� ��� !�
 @�+ E� �1 �1 ���.  

 

 

 

 

 

 

 

 

 

 

 

 

3-1  ���"���TR� 2 ����P i��;�� �1��� � A�"��  

3-1-1  i��;�� �1��� � A�"�� ����P  


	 ��K B�3) �� 0H�A ���, �K3A �� ���,+� �*��
3� c !�
 ����1 Z�)3" Bh��(	����]36 [:  

 !D
 = !$  

 !D$ = �!
 + �!
E + �!$ + � cos�>{� + �3 + cos�!
��3�{�  (24) 

 ��O �� �13�{�  � c !�
 �� 
H��:+ 
H� �1 ������ cos�>{� 0
+ 
5��� ���6	 [�� �+ .E� �1 �K�
 ��2� �3\�	 �� ����1
0
+ ��� � ,�D �\��� ��K B�3) �� ��� 	+��/ ����=	 ���� 
A+�<]36 [:  

 � = 1, � = −1, � = −0.15, � = 0.15, > = 1  (25) 

 LG�3  �1 
	�*�� ���,+� �*��
3� c !�
 �3*�3�O �� ,�3�{� = 0 
	 ���� +� 0
+���.  

�+�� 
	 L�: ��� �)8� ���	�D Y2< �K�
 ��2�c��1 . ��K B�3) �� +� }5�	 E�	 0H�A ���, ����1 Z�)3" Bh��(	 +� �+

	 v�C �+c��1:  

 �� = & 0 1−10 −7, , mu = &01,  (26) 

 LG�2 : � ��� �3C!/ [K3	O �� }5�	 E�	 
:�(� }�+3" �� 
� 2	 X+� 
2N: �G2� ����1 E� �1 
A+�< 
139� 7+�D���
X3��/��H }��" z�
+��.  
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	+��� ��A�� ��3e�	 ��6	 � fH ���" ��6	  

 

+� �� Y���	 ���1 
����� +� �O ���� E� �1 06" c !�
 �1 ��� � ,�D �\��� }5�	 E�	 �.�� ����=	 �v�C �+ @�+ �� ��� |�� − ��| = 0 ��G	 �� �����−2, −5��
	 
����5��3�.  �}5�	 ����� E��*�
z v�C �+ 

3��
 B�3) �� +� �
���1c�+.  

7�D1 : �� Y���	)12 (0�+� c��+3� ����� 
	 0H�A ��u 	 �� �+�+� E� �1 06" c !�
 �G��+ �� �53" �� �:  

 3TXY + W
3DXY + W$3XY = 0  (27) 

7�D2:  �G��+ �+��)27 ( �1 
 !��� ���� > ����W
  �W$ ����� 02e	.��2� @�+ �� �+��� �K�
V  B�3) �� +�V = [1 2]	 
c���1 v�C �+ . ���� �� �� �v�C �+ @�+ ��)27 ( ���−1�
	 
����5�	O ��+3� 0
� �� 
�+�6� �+��	 m
�/ �J� � �� � ��3�.  

7�D3:  `��"�	∧  �� �53" ��)16 ( B�3) ��∧= & 0 1−1 −2,
	���D . ���= 	 � @�(	 02e	 `��"�	 �E�An  ��� � 
(
 �� +�

 B�3) ��n = &1 00 1, 
	 v�C �+ �� �53" �� � c��1)19 (
	 0
� �� ��K B�3) �� X3��/��H �H��(	 m
�/��O:  

 
 = &1.5 0.50.5 0.5,  (28) 

  

  

  

  

  

  

  

  

 E��51 E� �1 
A+�< �+�� K��� ��3	 ���� 	+��/ ��H�+ k�+����� 
	 ���� ��� � 
(
 ���(	 K+ ���4 
+ �� +� ����1.  

 E��51: ���,+� �*��
3� c !�
 ��� �� ����1 E� �1 �K�
 ��2� �+�� ��� ���4 
+ ��H�+ k�+��.  

Parameters  kp  kd X(0) Xm(0)  

Values 100 10  [0.9;0.01] [1.1;0]  

 ��� 7�D4  �5 :E� �1 ���� 	+��/ 
��
� K�� �� k�+�� K+ ���4 
+ �� E�A K+ ����1)23-22 ( K+ 
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   �D$ = �E              

 �DE = −=��
 − I��$ − ���E + ���
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 ��2� �� 7+�?+

	c���.G2� ��� ����1 E� �1 ���K�� 7�, �� X+� 0H�A X8� �� ���K� �E�+� 	 
:�(� }�+3" �� 
� 2	 
2N: � � ,�D �\� �� �+
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 LG�11 :j6�. 0H�A ��u 	 
��	K m
�/!
  �+�� }5�	 E��*�
 � ���,+� �*��
3� c !�
!
 ����1 E� �1 K+ ���4 
+ �� �G2� ���
� 
:�(� }�+3" �� 
� 2	 X+� ��� � X+� 
2N:Q.  0H�A ��u 	 
��	K m
�/!$  �+�� }5�	 E��*�
 � ���,+� �*��
3� c !�
!$ 

E� �1 K+ ���4 
+ ������1
:�(� }�+3" �� 
� 2	 X+� ��� � X+� 
2N: �G2� ��� .  

  

 E��54- E� �1 �!��=	����1 E� �1 �� ��� B�(��	 @�*���	 �l5 ���(	 �� 
:�(� }�+3" �� 
� 2	 X+� ��� � X+� 
2N: �G2� ���
3�!�5 c !�
- 
!" .  

����1 E� �1 ;3�  
  

                           

��� ���(	  

����1 E� �1 X+���� 
2N: X+� 
2N: ����1 E� �1 

 ���� '�F��� )�1���� �C#

 76�� ��o��x1 

 
0.1317 

 
0.0949 

 ���� '�F��� )�1���� �C#

 76�� ��o��x2 

0.0696 0.0350 

 ���� '�F��� )�1���� �C#

 76�� ��o��x3 

0.7290 0.3185 
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 LG�12 :j6�.  0H�A ��u 	 
��	K m
�/!
 3�!�5 c !�
-  �+�� }5�	 E��*�
 � 
!"!
 E� �1 K+ ���4 
+ ������1 �G2� ���
 �
:�(� }�+3" �� 
� 2	 X+� ��� � X+� 
2N:Q.  0H�A ��u 	 
��	K m
�/!$ 3�!�5 c !�
-  �+�� }5�	 E��*�
 � 
!"!$  ��

E� �1 K+ ���4 
+����1 � 
:�(� }�+3" �� 
� 2	 X+� ��� � X+� 
2N: �G2� ���g.  0H�A ��u 	 
��	K m
�/!E 3�!�5 c !�
 - 
 �+�� }5�	 E��*�
 � 
!"!E E� �1 K+ ���4 
+ ������1
:�(� }�+3" �� 
� 2	 X+� ��� � X+� 
2N: �G2� ��� .  

5-�b������D  

E� �1 ��H�=	 @�+ ��81 E� �1 �+�� ����5 ����1�� �g+�+ 0�(�? 7�: �3�A �� 
����� ��� c !�
 K+ 

 .E� �1  ����1

2
��" F�
81 ����1 E� �1 � X+� 
2N: �G2� ����1 E� �1 0�!? �� K+ ��� � ,�D �\� �� 
2�1�"- �3� 
	 L�G�" 
= �	 .

E� �1E� �1 B�3) �� 
2N: �G2� ����1 �� 
:�(� }�+3" �� 
� 2	 X+� 
2N: �G2� ����1�� � ,�D �\� . 
5��� ��h ����K�
E� �1
	 @���/ �A � h�� �A 0�!? �� L	�� X+� 
2N: �G2� ����1���� . @�+ ���1 K�� �� k�+�� ����O 0
� �� �3\�	 ��

E� �1 
5��� K+ 
��� �3C!/ ���� K+ ���K�0
+ ��� ���4 
+ ���� � ,�D �\� �� F�
81 ����1 .��/��H }��" K+ ���4 
+ �� X3
��� ����O 0
� �� ���K� @�+ ���1 K�� �� k�+�� f
��	��+ . @���" �c !�
 ��+���/ �X3��/��H }��" K+ ���4 
+ �� �53" �� @��I��

0
+ �����D B�2i+ � .E� �1 K+ �G��+ L�H� �� @��I��
2
��" F�
81 ����1- 
	 L�: �lDh�� � 9�, F� B�3) �� �1 
= �	-

E� �1 ���1 �� ���11
	 ���4 
+ 
2N: �G2� ����
	 @���" c !�
 �+�lD 0H�A m
�/ ��3� ���6	 ����D�3�. �36� �}?+� ��
E� �1 ���1 L�: ���� �1 
�+� �+ B�\6H �� E� �1 06" c !�
 �� 
H��:+ 
H� �1 ����� �1 0
+ LG� @��� ��� �g+�+ ����1
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2N: �G2�  ����1X3��/��H }��" z�
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	+��� ��A�� ��3e�	 ��6	 � fH ���" ��6	  

 

 �1 K+ �� ��� ��i�" �0
+ 
�53" L��? �+�=	 �+�+� c !�
E�
	 F�
81 ����1 c1 c !�
 ���� �1 ��	K 0�lD �� � ���l/

	E� �1 K+ �� ��� ��i�" �E� �1 06" c !�
 �� 
H��:+ 
H� �1 ����� ��3�
	 
2N: �G2� ����1 ��1 @�+ �� �J� � �� � ���D

E� �1 ���� ��� �>	 K+ c� !�+3"c��1 ���4 
+ 
2N: �G2� � F�
81 ����1 .��2� s�� ��
 �K�!��	>�� � E� �1 0�5 �K
3�!�5 � ���,+� �*��
3� v3�O ���� !�
- E� �1 f
��	 
A+�< K+ 
1�A 
!"��+� ��� �g+�+ ����1 . ����K� K+ ���4 
+ L�H� ��

�K��E� �1 �� �+0,� h�� 
A+�< ���l/ X��(�+ �X+� 
2N: �G2� ����1 . E� �1 �;3M3	 @�+ ��+� ���� �3\�	 ���G2� ����1 
0,�D �+�? 
���K�+ ��3	 ��� B�(��	 @�*���	 �l5 ���(	 Y��< K+ � �!��=	 �O X+� ��� 0H�A �� ��� 
A+�< X+� 
2N: . s�� �

��2�E� �1 ��"�� K+ 
1�A �K�
 K+ ���4 
+ �� �353	 ��� �(�? 7�: �3�A �� �O X+� ��� �� 02!� X+� 
2N: �G2� ����1
��+� ��� Z��(" ���(	 .  

6� 7� �(j:  

'�?p� :��1 c��+3� B�2i+ +� ��� ���� ���? 0�!? @�+ �� .E� �1 ���� 	+��/ @��C" ���� ��3\�	 @�+ �+�� �G2�����1

	 Z��(" ��K B�3) �� +� 
2N:c��1:  

 >y£? = >y?∗ − >y?, >y£: = >y:∗ − >y: ( ZH+-1 ) 

 �1>y?∗ �>y:∗  � v39�	 ����=	>y? �>y: �K�� ����K� 
(?+� ����=	��h �+
	 
2N: �G2� ����1 E� �1 
���	 � 
5��� ��� -

����� .
	 �\� �� ��K 7�, ��  �+� ���� 
	 @�(	 02e	 �1 �������/ X3��/��H }��"c���D:  

 ¤ = 
$ 3\XY	
3\XY + Y$¥¦ >y£?. >y£?	 + Y$¥� >y£:. >y£:	
 ( ZH+-2 ) 

 ��O �� �1}
 �}$ 
	 Y�2�" ������ 0:�
 �1 �����
	 @���" +� 
�+�*�����1 . �@��I��
  � @�(	 02e	 � ���= 	 `��"�	 3\XY  K+ �1 ��� �3C!/ �+���)10 ( �I  K+)18(���O 
	 0
� ��.  ��������/ X3��/��H }��" K+ 
��	K Y �	 @ ,�D ��)ZH+-3 ( ��
�	O ��+3� 0
�:  

 ¤D = 
$ 3\DXY	
3\XY + 
$ 3\XY	
3\DXY + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
 ( ZH+-3 ) 

 K+ ��� �3C!/ F�	���� ��+l*��5 ��)17 ( ��)ZH+-3( ���+� �)ZH+-4 (��O 
	 0
� ��:  

¤D = 
$ 3\XY	 ∧	 
3\XY + 
$ 3\XY	
 ∧ 3\XY + 3\XY	
m[3∗ − 3`�!|b�] + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
 

  ( ZH+-4 ) 

 �K�
 ���
 ��)ZH+-4(0�+� c��+3� �:  

¤D = 
$ 3\XY	�∧	 
 + 
 ∧�3\XY + 3\XY	
m[3∗ − 3`�!|b�] + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
   ( ZH+-5 ) 

 �� ��� Z��(" X3��/��H �H��(	 K+ ���4 
+ ��)19 ( �� �O ��+l*��5 �)ZH+-5(c��+� �:  

¤D = − 
$ 3\XY	n3\XY + 3\XY	
m[3∗ − 3`�!|b�] + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
       ( ZH+-6 ) 
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 K+ ���4 
+ ��)15 (c��+�:  

 3∗ = �3`�!|b∗� − ℎ� ( ZH+-7 ) 

 ��+l*��5)ZH+-7 ( ��)ZH+-6 ( K+ ���4 
+ �)21 (E� �1 ���� 	+��/ �1 0
+ ��� ��, �G��+ �� �53" �� � F�
81 ����1
�
��C �+WZ  �W[���+ 0H�A �� � ������ 
	 EO)ZH+-8 (0�+� c��+3� +�:  

¤D = − 
$ 3\XY	n3\XY + 
$ 3\XY	
mO�3`
�!|b
∗� − 3`
�!|b
�� + �3`$�!|b$∗� − 3`$�!|b$�� −2ℎP + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
  ( ZH+-8 ) 

c��+� +� ��K ��3
�D� 7�, �� Z���(" �E�A:  

  3`
�!|b
� = >y?�̅ = >y?~
 = b
	~
, >ℎ z  b
	 = >y?��� ~
 = �̅ ( ZH+-9 ) 

 3`
�!|b
∗� = >y?∗�̅ = >y?∗~
 = b
∗	~
 , >ℎ z  b
∗	 = >y?∗ ( ZH+-10 ) 

  3`$�!|b$� = >y:�̅ = >y:~$ = b$	~$, >ℎ z  b$	 = >y:��� ~$ = �̅ ( ZH+-11 )

 3`$�!|b$∗� = >y:∗�̅ = >y:∗~$ = b$∗	~$ , >ℎ z  b$∗	 = >y:∗ ( ZH+-12 ) 

 h�� Bh��(	 �� �1�̅ ���� 
	 ��� � ,�D �\� �� X+� 
2N: �G2� ����1 E� �1 ����/ ��h 
5��� �+��� . �� >�� ��� 	+��/ ���

��+ ��� Z��(" L2? ��� �!?.  

 ��+l*��5 ��)ZH+-9 ZH+ �"-12 ( ��)ZH+-8 (0�+� c��+3�:  

¤D = − 
$ 3\XY	n3\XY + 
$ 3\XY	
m[�>y?∗~
 − >y?~
� + �>y:∗~$ − >y:~$� − 2ℎ] + Y¥¦ >y£?>y£?D 	 +
Y¥� >y£:>y£:D 	

  ( ZH+-13 ) 

 �K�
 ���
 ��)ZH+-13 (0�+� c��+3� +� ��K �H��(	 ��� �	 ���9	�: ���D�3 1�, Y��< K+ �:  

¤D = − 
$ 3\XY	n3\XY + 
$ 3\XY	
m[�>y?∗ − >y?�~
 + �>y:∗ − >y:�~$ − 2ℎ] + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
  ( ZH+-14 ) 

 ��+l*��5 ��)ZH+-1(  ��)ZH+-14(0�+� c��+3� �:  

¤D = − 
$ 3\XY	n3\XY + 
$ 3\XY	
m[�>y£?�~
 + �>y£:�~$ − 2ℎ] + Y¥¦ >y£?>y£?D 	 + Y¥� >y£:>y£:D 	
( ZH+-15 ) 

�J� � �� �:  

¤D = − 
$ 3\XY	n3\XY − 3\XY	
mℎ + 
¥¦ >y£? &§
$ }
3\XY	
m~
 + I>y£?D 	¨, + 
¥� >y£: &§
$ }$3\XY	
m~$ +
        I>y£:D 	¨, ( ZH+-16 ) 
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 ���+� K+ 
���	�"  ����D 
4�	 ��� � ,�D �\� �� X3��/��H }��" Y �	 �G��+ �3\�	 ��)ZH+-16 ( +� ���G�	 ���D395 �	+ @�+ K+ �1

	 �+�? �4) ��+��E� �1 ���� 	+��/ Y�2�" @��+3? Y��< @�+ K+ � c��� k�+�� �� Y���	 
2N: �G2� ����1)ZH+-17 ZH+ �-18 ( ��


	 0
����O .  

��K B�3) �� ����1 E� �1 ���� 	+��/ 
��
�K�� �� @��+3? K+ ���4 
+ ��:  

 >y?	D = 
$ }
3\XY	
�~
 ( ZH+-17 ) 

 >y:	D = 
$ }$3\XY	
�~$ ( ZH+-18 ) 

 �h�� Bh��(	 �� �1
�  ���= 	 � @�(	 02e	 `��"�	 �3 
 @���O
 
	���� .@��I��}
 �}$   ����� 
	 Y�2�" ������

	 c�\�" +� 
�+�*�� 0:�
 �1 � ���1~
   �~$  ���� � ,�D �\� �� X+� 
2N: �G2� ����1 E� �1 ����/ ��h ����5���

0
+  .���� v�C �+
2
��" ���- 
	 @��(" �=9A �� ����3� ����1 E� �1 �3�A ���� 
= �	���+� �� �53" �� 
H� ����D ���
)ZH+-16(  �)ZH+-17 (
	 �����	 �+��� �1 c��13XY   ��i�" ��� � ,�D �\� �� 
2N: �G2� ����K� ���1 K�� �� ��

��+� c�= !	 . �� �� �1 ��*�� �+KO ���� 	+��/ f
��	 v�C �+ �� �+3 �	 �Z9 C	 
= �	 � 
2
��" ��� ���� v�C �+ �� @�+�����
 ��\� ����+lD ��i�" ���K� ���1 K��}
, }$  �� �
�0,�� 0
� 
H� �1 f
��	 ��G9�: �� �.  

 �H��(	)ZH+-19 (�	O ��+3� 0
� ��:  

 ¤D = − 
$ 3\XY	n3\XY − 3\XY	
mℎ → ¤D ≤ − 
$ 3\XY	n3\XY + ©ℎ3\XY	
m©   ( ZH+-19 ) 

 ���+�)ZH+-19 ( ���= 	 � @�(	 02e	 `��"�	 �.�� �+�=	 @�� G^31 f!A �� +�n  c��1 
	 �K�
 ���
 ��K B�3) ��:  

 ¤D ≤ −������n��ª3\XYª$ + ©ℎ3\XY	
m© ( ZH+-20 ) 

 �1������n��  ���= 	 � @�(	 02e	 `��"�	 �.�� �+�=	 @�� G^31 �� ����+n ��+� .E� �1 �� �G��+ 09: �� �� �3C!/ ����1
��D���	 0H�Aℎ ��� 3\XY → 0   �+3" 
	 �)ZH+-20  (��1 ���
 ��K B�3) �� +�:  

 ¤D ≤ −������n��ª3\XYª$
 ( ZH+-21 ) 

 �H��(	)ZH+-21 (
	 �����1 ��1¤K«|  .c��+� @�+�����:  

 ¬ 3\XY	|­ �®�3\XY�®��® ≤ ¯�­��¯�|�°±*²�³�  ( ZH+-22 ) 


	 @�+�����04D �+3" : �3^¤K«|��� E��*�
 7��" �0
+>y£? �>y£: �3\XY�{�  ���, �� >��«| 0�+� ���+3� Y9(".  �� @�+�����
�� �53")9(
	 ��1 04D �+3" : ̅�{�K«| .�J� � �� � : D�{�K«| .0�+� c��+3� Bh����� cH �� �53" �� `/ : 21<r→|  �{� → 0 .E� �1 ���� 	+��/ 
��
�K�� �� K+ `/
	 �����14 
+ �� +� 
H� �1 �3��? �+3" K+ ���)21 (���O 0
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