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‘ ABSTRACT

The particle swarm optimizer (PSO) is a population-based metaheuristic
optimization method that can be applied to a wide range of problems. However, it has
some drawbacks, e.g., it easily falls into local optima and suffers from slow convergence

in the later stages. In order to solve these problems, improved PSO (IPSO) variants have
been proposed. To bring about a balance between the exploration and exploitation
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>
Simproved particle swarm
%ptimization algorithm,

%Adaptive learning factors, characteristics of PSO, this paper introduces computationally fast and efficient IPSO
S v (i algorl_thm_s based o_n a novel cla_ss of exponentlal learning factors (ELF—PSO): This cl_ass
actors, contains time-varying exponential learning factors (TELF), random exponential learning
Nonlinear benchmark factors (RELF), self-adjusting exponential learning factors (SELF) and linear-
functions. exponential learning factors (LELF) strategies. An experiment is performed and

compared with a set of well-known constant, random, time-varying and adaptive
learning factors strategies on a suite of nonlinear benchmark functions. The
experimental results and statistical analysis prove that the ELF-PSO algorithms are able
to solve a wide range of difficult nonlinear optimization problems efficiently. Also,
these results show that the proposed methods outperform other algorithms in most cases.
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92 | 158 | 181 | 110 | 203 | 25 | 173 | 45 | 216 | 204 | 299 | 21 | 249 | ANS | RLF
75 | 50 | 36 | 75 | 171 | 16 | 10 | 28 | 184 | 180 | 125 | 17 | 213 | MNS
100 | 82 | 93 | 99 | 91 | 10 | 97 | 100 | 100 | 100 | 94 | 46 | 100 | SR
444 | 349 | 389 | 421 | 666 | 291 | 192 | 262 | 634 | 623 | 504 | 385 | 703 | ANS | TVAC
406 | 233 | 243 | 399 | 639 | 171 | 59 | 227 | 610 | 604 | 438 | 209 | 684 | MNS
100 | 44 | 79 | 42 | 39 | 0 | 76 | 85 | 100 | 99 | 25 | 2 | 100 | SR
231 | 164 | 203 | 243 | 449 | v | 99 | 139 | 409 | 399 | 325 | 192 | 470 | ANS | SAAF
208 | 107 | 135 | 226 | 420 | v | 35 | 113 | 397 | 384 | 249 | 115 | 450 | MNS
100 | 50 | 98 | 76 | 88 | O | 97 | 100 | 99 | 100 | 42 | 75 | 100 | SR
588 | 375 | 361 | 592 | 829 | v | 187 | 322 | 862 | 852 | 597 | 405 | 939 | ANS | ALF
534 | 267 | 225 | 564 | 802 | v | 48 | 285 | 816 | 812 | 546 | 247 | 904 | MNS
100 | 52 | 85 | 97 | 74 | 16 | 78 | 100 | 100 | 100 | 70 | 63 | 100 | SR
203 | 170 | 220 | 182 | 336 | 173 | 99 | 111 | 287 | 280 | 247 | 261 | 325 | ANS | TELF
170 | 113 | 81 | 167 | 294 | 87 | 39 | 102 | 278 | 273 | 193 | 99 | 316 | MNS
100 | 74 | 89 | 99 | 66 | 17 | 82 | 100 | 100 | 100 | 73 | 64 | 100 | SR
460 | 307 | 347 | 350 | 566 | 376 | 201 | 230 | 509 | 500 | 439 | 437 | 560 | ANS | RELF
342 | 237 | 192 | 336 | 519 | 198 | 83 | 203 | 492 | 488 | 367 | 243 | 550 | MNS
100 | 62 | 92 | 96 | 66 | O | 71 | 100 | 100 | 100 | 72 | 25 | 100 | SR
335 | 266 | 336 | 333 | 550 | v | 243 | 209 | 507 | 498 | 402 | 309 | 565 | ANS | SELF
312 | 199 | 242 | 315 | 516 | v | 93 | 187 | 496 | 488 | 349 | 101 | 551 | MNS
100 | 61 | 83 | 99 | 90 | 10 | 80 | 100 | 100 | 100 | 77 | 54 | 100 | SR
201 | 199 | 192 | 188 | 349 | 112 | 96 | 114 | 310 | 302 | 260 | 257 | 353 | ANS | LELF
181 | 114 | 99 | 174 | 316 | 77 | 30 | 102 | 301 | 293 | 193 | 110 | 343 | MNS
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e s T 5,5l i1 Sl el Sl 5 NS S, e 83 s D3 ol (65 lnsings 20 S

SIo i dases g (cumads (o g0 ¢ AL g0 5 g daes

Y.
Al jlae Ool il 5 ot aeS ol 5 80Le auglin F J sl
Tnax = 1000 D =10 5 Coul 45 8 &0 sl b5 L o2, 81 i 55 1 0L 5 e
f fe fs fa f3 f2 f1 PEC | LF
4.22e-30 | 357e-27 | 7.64e-15 | 6.62e+00 | 3.23e+00 | 9.13e-02 | 7.70e-30 | AE
1.50e-32 | 1.86e-30 | 4.44e-15 | 9.95e-01 | 2.98e-02 | 1.97e-02 | 7.28¢-34 | ME | CLF
1.12e-29 | 6.27e-27 | 3.03e-15 | 3.61e+00 | 1.36e+00 | 5.16e-02 | 2.68e-29 | STD
1.50e-32 | 6.58e-50 | 4.44e-15 | 9.55e+00 | 1.68e+00 | 6.41e-02 | 1.03e-52 | AE
1.50e-32 | 2.80e-53 | 4.44e-15 | 1.99e+00 | 6.88e-03 | 2.21e-02 | 5.12-56 | ME | CFLF
5.62e-48 | 1.75e-49 | 1.00e-300 | 3.88e+00 | 1.88e+00 | 3.23e-02 | 2.36e-52 | STD
1.50e-32 | 2.07e-147 | 5.15e-15 | 1.04e+01 | 1.88e+00 | 1.02e-01 | 2.52e-151 | AE
1.50e-32 | 1.36e-157 | 4.44e-15 | 2.98e+00 | 6.25e-04 | 9.86e-03 | 1.91e-161 | ME | RLF
5.62e-48 | 5.78e-147 | 1.46e-15 | 5.12e+00 | 2.10e+00 | 5.67e-02 | 9.40e-151 | STD
1.50e-32 | 4.28e-64 | 55le-15 | 3.68e+00 | 6.03e-01 | 6.74e-02 | 3.23e-67 | AE
1.50e-32 | 1.11e-70 | 4.44e-15 | 9.95e-01 | 1.17e-02 | 7.40e-03 | 1.05e-70 | ME | TVAC
5.62e-48 | 154e-63 | 1.67e-15 | 2.12e+00 | 1.19e+00 | 3.09e-02 | 9.44e-67 | STD
1.50e-32 | 9.60e-106 | 6.75e-15 | 1.13e+01 | 1.46e+00 | 1.03e-01 | 3.94e-86 | AE
1.50e-32 | 6.49e-125 | 4.44e-15 | 2.98e+00 | 1.42e-03 | 4.43e-02 | 3.82e-129 | ME | SAAF
5.62e-48 | 3.62e-105 | 1.74e-15 | 5.24e+00 | 1.78e+00 | 4.89e-02 | 1.76e-85 | STD
1.75e-32 | 1.87e-40 | 4.97e-15 | 7.61e+00 | 1.05e+00 | 1.13e-01 | 1.48e-43 | AE
1.50e-32 | 2.21e-43 | 4.44e-15 | 2.98e+00 | 2.11e-02 | 3.44e-02 | 8.40e-47 | ME | ALF
1.10e-32 | 552e-40 | 1.30e-15 | 3.10e+00 | 1.77e+00 | 4.30e-02 | 3.56e-43 | STD
1.50e-32 | 1.03e-137 | 55le-15 | 2.59e+00 | 2.21e-01 | 3.71e-02 | 1.33e-141 | AE
1.50e-32 | 1.62e-142 | 4.44e-15 | 1.00e-300 | 3.96e-04 | 9.86e-03 | 1.84e-146 | ME | TELF
1.11e-47 | 5.38e-137 | 1.66e-15 | 1.62e+00 | 4.10e-01 | 1.74e-02 | 4.83e-141 | STD
1.50e-32 | 2.15e-96 | 5.74e-15 | 2.29e+00 | 9.84e-02 | 4.44e-02 | 3.06e-99 | AE
1.50e-32 | 1.07e-99 | 4.44e-15 | 1.00e-300 | 4.98e-06 | 1.00e-300 | 8.35e-103 | ME | RELF
1.11e-47 | 5.14e-96 | 1.74e-15 | 1.26e+00 | 1.47e-01 | 2.78e-02 | 1.10e-98 | STD
1.50e-32 | 1.67e-83 | 55le-15 | 3.22e+00 | 4.08e-01 | 550e-02 | 6.78¢-86 | AE
1.50e-32 | 8.72e-88 | 4.44e-15 | 1.00e-300 | 3.56e-06 | 7.40e-03 | 6.42e-90 | ME | SELF
1.11e-47 | 5.06e-83 | 1.66e-15 | 1.54e+00 | 1.22e+00 | 1.86e-02 | 2.88e-85 | STD
1.50e-32 | 9.09e-115 | 4.44e-15 | 3.78e+00 | 1.09e-01 | 5.41e-02 | 7.55e-117 | AE
1.50e-32 | 4.48e-121 | 4.44e-15 | 1.99e+00 | 4.96e-03 | 1.00e-300 | 1.08e-123 | ME | LELF
1.00e-300 | 2.55e-114 | 1.00e-300 | 1.68e+00 | 8.23e-02 | 2.91e-02 | 2.09e-116 | STD
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A

e 3 W (6,55l i1 a3l Sl 05 A S, e 85 g D3 ol (6 lesings 2 S

Sleo i dazes g (e (o g0 ¢ AL gas 3] g daes

st lne Ol il 5 ot e ot (o Sile sl Uik

Tnax = 1000 D =10 5 ol 43 & &) 50 I3l b3 L o5 S i g 1 5 e

f1a f13 fr2 fu f1o fo fs PEC LF

3.15e-21 3.19-10 7.29e-16 1.60e-16 | 6.33e-01 | 3.98e-14 9.94e-29 AE

2.21e-25 1.00e-300 3.45e-18 7.6%-18 | 6.27e-23 | 4.74e-16 1.70e-31 ME CLF
1.03e-20 1.43e-09 9.44e-16 2.51e-16 | 1.49e-01 | 4.48e-14 1.31e-28 STD

8.54e-46 6.51e-20 1.30e-15 4.63e-28 | 6.67e-01 | 3.83e-32 3.35e-52 AE

1.40e-47 1.00e-300 1.03e-36 1.65e-29 | 6.67e-01 | 6.11e-37 2.83e-54 ME CFLF
1.07e-45 1.02e-19 2.34e-15 6.88e-28 | 1.22e-10 | 6.27e-32 7.92e-52 STD
9.30e-138 5.43e-07 8.63e-16 1.04e-83 | 4.67e-01 | 4.32e-42 | 6.73e-145 AE
4.20e-150 | 1.00e-300 | 5.69e-200 | 6.00e-89 | 4.56e-31 | 1.30e-49 | 9.68e-159 ME RLF
4.16e-137 1.72e-06 9.54e-16 3.55e-83 | 3.13e-01 | 1.56e-41 | 2.53e-144 | STD

8.27e-59 1.63e-19 1.86e-16 9.01e-35 | 6.00e-01 | 2.37e-43 3.01e-66 AE

5.09e-64 1.00e-300 4.43e-57 1.20e-36 | 1.97e-31 | 4.51e-48 6.11e-71 ME | TVAC
3.45e-58 4.33e-19 2.89%-16 1.04e-34 | 2.05e-01 | 6.50e-43 8.74e-66 STD

9.50e-85 3.20e-09 5.28e-10 3.54e-16 | 6.67e-01 | 6.69e-45 1.86e-84 AE

9.95e-121 | 1.00e-300 2.22e-16 2.06e-29 | 6.67e-01 | 3.91e-65 | 3.12e-125 ME SAAF
4.25e-84 1.43e-08 2.01e-09 1.51e-15 | 2.04e-16 | 2.99e-44 8.33e-84 STD

9.24e-36 2.17e-20 6.27e-16 1.38e-16 | 6.33e-01 | 3.25e-31 4.74e-42 AE

4.05e-39 1.00e-300 5.85e-36 1.24e-28 | 1.97e-31 | 5.57e-34 1.01e-46 ME ALF
1.57e-35 6.67e-20 6.69e-16 6.15e-16 | 1.49-01 | 1.00e-30 1.79%e-41 STD
8.02e-131 5.06e-20 1.28e-16 1.05e-32 | 6.22e-01 | 1.86e-83 | 8.94e-141 AE

3.48e-137 | 1.00e-300 | 2.48e-107 | 3.94e-73 | 1.97e-31 | 3.72e-91 | 2.81e-145 ME TELF
2.98e-130 9.33e-20 2.67e-16 5.78e-32 | 1.69%-01 | 7.25e-83 | 2.38e-140 | STD

2.33e-89 7.23e-20 7.07e-15 5.05e-23 | 6.67e-01 | 3.52e-66 7.42e-98 AE

1.36e-94 1.00e-300 2.88e-71 7.52e-51 | 6.67e-01 | 4.52e-71 | 5.80e-103 ME RELF
1.12¢-88 1.74e-19 3.85e-14 2.76e-22 | 4.61le-17 | 1.33e-65 1.81e-97 STD

1.27e-77 1.00e-300 2.83e-16 1.24e-24 | 6.22e-01 | 7.25e-61 2.39%e-84 AE

4.32e-81 1.00e-300 1.07e-66 1.65e-46 | 3.20e-31 | 2.02e-67 9.65e-89 ME SELF
2.15e-77 1.00e-300 5.86e-16 6.79e-24 | 1.6%-01 | 2.23e-60 7.20e-84 STD
1.07e-107 | 1.00e-300 5.11e-16 7.14e-60 | 6.67e-01 | 1.13e-69 | 5.23e-115 AE

1.85e-114 | 1.00e-300 4.83e-93 7.21e-62 | 6.67e-01 | 4.25e-75 | 1.13e-121 ME LELF
3.29e-107 | 1.00e-300 1.61e-15 1.21e-59 | 1.17e-16 | 3.55e-69 | 8.51e-115 | STD
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e s T 5,5l i1 Sl el Sl 5 NS S, e 83 s D3 ol (65 lnsings 20 S

SIo i dases g (cumads (o g0 ¢ AL g0 5 g daes

Yy
st lne Ol il 5 ot e s (o Sile sl F Uik
Tnax = 1000 D =10 5 ol 43 & &) 50 I3l b3 L o5 S i g 1 5 e
f2 f20 f19 f1s f17 f1e f1s PEC LF

6.09e-01 | 2.52e+00 | 7.50e-02 | 4.49e-28 | 4.59e-29 | 3.94e-13 | 4.30e+00 | AE
1.46e-01 | 1.11e+00 | 1.00e-300 | 2.83e-32 | 1.13e-31 | 1.00e-300 | 1.00e-300 | ME | CLF
3.80e-01 | 1.03e+00 | 3.35e-01 | 1.63e-27 | 1.42e-28 | 1.70e-12 | 1.72e+00 | STD
7.28e-01 | 3.69e+00 | 7.92e-02 | 1.35e-32 | 4.71e-32 | 3.59e-01 | 5.75e+00 | AE
1.92e-01 | 6.71e-01 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 2.00e+00 | ME | CFLF
5.16e-01 | 1.46e+00 | 3.52e-01 | 2.81e-48 | 5.62e-48 | 8.44e-01 | 1.55e+00 | STD
6.25e-01 | 6.16e+00 | 4.23e-02 | 2.75e-03 | 3.11e-02 | 1.97e+00 | 8.80e+00 | AE
2.40e-01 | 3.09e+00 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 5.00e+00 | ME | RLF
3.78e-01 | 2.06e+00 | 855e-02 | 4.88e-03 | 9.57e-02 | 3.10e+00 | 2.63e+00 | STD
3.48e-01 | 3.12e+00 | 5.24e-05 | 1.35e-32 | 4.71e-32 | 1.12e-01 | 4.95e+00 | AE
1.72¢-06 | 3.73e-01 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 3.00e+00 | ME | TVAC
3.39e-01 | 1.34e+00 | 2.02e-04 | 2.81e-48 | 5.62e-48 | 5.02e-01 | 9.99e-01 | STD
4.62e+00 | 2.58e+00 | 7.28e-02 | 1.35e-32 | 4.71e-32 | 3.01e+00 | 7.20e+00 | AE
3.57e+00 | 7.00e-01 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 2.00e+00 | ME | SAAF
4.38e-01 | 1.17e+00 | 2.27e-01 | 2.81e-48 | 5.62e-48 | 4.37e+00 | 2.71e+00 | STD
6.19e+00 | 2.70e+00 | 7.57e-04 | 1.35e-32 | 4.79e-32 | 9.87e-01 | 3.65e+00 | AE
4.98e+00 | 5.91e-01 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 1.00e-300 | ME | ALF
459e-01 | 1.25e+00 | 3.23e-03 | 2.81e-48 | 3.46e-33 | 1.32e+00 | 1.76e+00 | STD
3.56e-01 | 3.71e+00 | 6.87e-04 | 1.35e-32 | 4.71e-32 | 1.65e-01 | 4.60e+00 | AE
1.72e-06 | 1.51e+00 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 3.00e+00 | ME | TELF
1.89e-01 | 1.18e+00 | 3.00e-03 | 5.57e-48 | 1.67e-47 | 5.20e-01 | 1.33e+00 | STD
3.01e-01 | 3.10e+00 | 3.17e-04 | 1.35e-32 | 4.71e-32 | 4.94e-01 | 4.30e+00 | AE
1.72e-06 | 1.38e+00 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 3.00e+00 | ME | RELF
2.64e-01 | 1.19e+00 | 1.35e-03 | 5.57e-48 | 1.67e-47 | 1.08e+00 | 8.37e-01 | STD
6.04e+00 | 4.59e+00 | 3.22e-04 | 1.35e-32 | 4.71e-32 | 7.63e-01 | 4.97e+00 | AE
5.39e+00 | 6.49e-01 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 3.00e+00 | ME | SELF
3.38e-01 | 1.46e+00 | 1.06e-03 | 5.57e-48 | 1.67e-47 | 1.58e+00 | 8.09e-01 | STD
4.61e-01 | 3.90e+00 | 6.94e-05 | 1.35e-32 | 4.71e-32 | 2.24e-01 | 4.00e+00 | AE
6.69e-02 | 1.83e+00 | 1.00e-300 | 1.35e-32 | 4.71e-32 | 1.00e-300 | 3.00e+00 | ME | LELF
4.72e-01 | 1.73e+00 | 1.52e-04 | 2.88e-48 | 1.15e-47 | 5.70e-01 | 1.05e+00 | STD
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Yy

e 3 W (6,55l i1 a3l Sl 05 A S, e 85 g D3 ol (6 lesings 2 S

Sleo i dazes g (e (o g0 ¢ AL gas 3] g daes

Al jlae O3l il 5 o aeS clbast 5 80Le auglie V J sl

Tnax = 1000 D =10 5 ol 43 & &) 50 I3l b3 L o5 S i g 1 5 e
f26 fas f2a f23 f22 PEC LF

1.00e-300 1.20e-01 4.40e-02 2.25e+00 8.86e-15 AE
1.00e-300 9.99e-02 5.50e-03 6.88e-29 1.00e-300 ME CLF
1.00e-300 4.10e-02 4.07e-02 1.01e+01 1.60e-14 STD
1.00e-300 1.50e-01 7.43e-02 2.22e+01 1.00e-300 AE
1.00e-300 9.99e-02 2.60e-03 3.98e-52 1.00e-300 ME CFLF
1.00e-300 5.13e-02 1.13e-01 3.33e+01 1.00e-300 STD
1.00e-300 1.65e-01 7.30e-02 5.63e+01 9.77e-16 AE
1.00e-300 9.99e-02 7.36e-03 9.47e-152 1.00e-300 ME RLF
1.00e-300 5.87e-02 1.03e-01 7.53e+01 3.32e-15 STD
1.00e-300 1.15e-01 3.65e-02 9.63e-64 1.00e-300 AE
1.00e-300 9.99e-02 1.65€-03 1.04e-67 1.00e-300 ME TVAC
1.00e-300 3.66e-02 8.00e-02 2.20e-63 1.00e-300 STD
1.00e-300 1.50e-01 5.87-02 3.30e+01 3.89%-12 AE
1.00e-300 9.99e-02 6.08e-03 1.13e-118 1.00e-300 ME SAAF
1.00e-300 5.13e-02 5.63e-02 5.29e+01 1.14e-11 STD
1.00e-300 1.65e-01 3.57e-02 7.70e+00 1.33¢-16 AE
1.00e-300 9.99e-02 1.76e-03 6.86e-44 1.00e-300 ME ALF
1.00e-300 4.89e-02 4.02e-02 1.91e+01 2.92e-16 STD
1.00e-300 1.43e-01 3.47e-02 1.98e+00 2.66e-16 AE
1.00e-300 9.99e-02 2.14e-03 2.94e-143 1.00e-300 ME TELF
1.00e-300 5.04e-02 5.26-02 1.09e+01 7.43e-16 STD
1.00e-300 1.27e-01 3.94e-02 4.24e-95 5.29e-13 AE
1.00e-300 9.99e-02 3.44e-03 8.69e-99 1.00e-300 ME RELF
1.00e-300 4.50e-02 3.62e-02 1.39¢-94 2.38e-12 STD
1.00e-300 1.43e-01 2.97e-02 3.51e+00 2.96e-16 AE
1.00e-300 9.99e-02 3.42e-03 3.04e-86 1.00e-300 ME SELF
1.00e-300 5.04e-02 2.54e-02 1.35e+01 8.36e-16 STD
1.00e-300 1.20e-01 5.08e-02 2.90e-111 8.88e-17 AE
1.00e-300 9.99e-02 5.97e-03 8.12e-118 1.00e-300 ME LELF
1.00e-300 4.22e-02 6.03e-02 7.89-111 1.87e-16 STD
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e 3 M (6,50l 1 lacs 12l 51 55 ST Gy (om0 gy D3 plom 3l (6 Sltings 03258

SIo i dases g (cumads (o g0 ¢ AL g0 5 g daes Y

Goue i (S bl ulowy —Y-1

1 ez s s o 2 s 2315 1 om 34 s Jolond 4 Ll gas oo 5 5 e LLL (LT (a0 ga3T S aslizal b idw ol 5
oS o o3l gz s e st las il 5 ot 48 o Oﬁgﬂ@ﬂug,fjwrw,;.v;udg,u
Ot Wl 9 Ogo3T gl —1-¥-1

Jlie 55 Olsea Hy Lass ool ot age Jooly 3 5000 ol ELF-PSO (oslgity o, S Ho 653 Gb 0503 ol s
Hy 55 53, Hy o5 o80T p-value < 0.05 F1 -l oly 358 o 6 @ = 0.05 04037 035 ,lsline o s
s )1 by 02 S 4 i (6 24 > Sae ELF-PSO 2, S0 68 555 on sl (LT blod 0 fmy £33 00 408 51
Ose)1 Jles! EB e @ A Jgla 53l ol SN BA dglir 53V B Y Jslur 055 0SS5 35057 Jles!
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